Echoes are known as modifications of the usual quasinormal ringing of a black hole at late times because of the deviation of space-time from the initial black-hole geometry in a small region near its event horizon. We consider a class of brane-world model solutions of the Shiromizu-Maeda-Sasaki equations, which describe both black holes and wormholes and interpolate between them via a continuous parameter. In this way the brane-world scenario provides a natural model for wormholes mimicking the black hole behavior if the continuous parameter is chosen near the threshold with a black-hole solution. We show that in the vicinity of this threshold interpolating between black holes and wormholes, quasinormal ringing of the wormholes at the initial stage is indistinguishable from that of the black holes with nearby values of the above parameter, but at later times the signal is modified by intensive echoes. We notice that the black-hole mimickers that are wormholes near the threshold have the largest quality factor and are therefore the best oscillators among the considered examples.
I. INTRODUCTION
Recent observations of black holes (BHs) and stars in the electromagnetic and gravitational channels [1] [2] [3] [4] allow us to test the regime of strong gravity. Nevertheless, nowadays there is still large uncertainty in measuring the parameters of compact objects, such as their mass and angular momentum, which leaves considerable freedom for various interpretations of the geometries either towards BHs in modified theories of gravity or even in favor of such exotic objects as stable Schwarzschild stars or wormholes [5] [6] [7] [8] [9] [10] [11] .
A wormhole geometry can be designed ad hoc in such a way that it would mimic the behavior of a BH in any astrophysically relevant processes (except for the Hawking radiation which is unlikely to be observed for large BHs) [5] . This is possible because the geometry of such a wormhole can be indistinguishable from that of the BH in the whole space outside a tiny region near the wormhole throat. At intermediately late times, classical radiation in the vicinity of a BH or wormhole must be dominated by the characteristic damped oscillations, quasinormal modes, which have been extensively studied [12] [13] [14] and were recently observed in, apparently, mergers of two BHs [1, 2] .
While quasinormal modes of wormholes mimicking BHs are almost the same, the signal is modified at later times by echoes, what was first observed in [11] and further studied in a large number of papers (see, for example, [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] and references therein). In [11, 16] the echoes produced by various toy models of thin-shell wormholes were studied. A similar picture of echoes at the beginning of the threshold between a regular BH and a wormhole has been found in [15] for the metric suggested in [30] . There, a continuous parameter of the metric allowed for interpolation between a regular BH, a one-way wormhole with an extremal null throat (the so called black bounce) and a traversable wormhole. However, the above wormhole metric is not a solution of any field equations and was simply designed ad hoc in the same manner as the Damour-Solodukhin wormhole [5] whose echoes were studied in [11] .
A few examples of families of exact solutions containing both BHs and wormholes have been found with phantom scalar fields as sources of gravity (see, e.g., [31] [32] [33] [34] ), however, such solutions have been shown to be generically unstable under radial perturbations [34] [35] [36] [37] .
Here we will also consider various geometries interpolating between BHs and traversable wormholes via a continuous parameter, but which, unlike the previous models, are exact solutions of the Shiromizu-Maeda-Sasaki equations [38] , describing the on-brane gravitational field in the second Randall-Sundrum brane-world scenario (RS2) [39] . The exact solutions to be studied concerning the possible echoes and quasinormal modes were obtained in [40, 41] , and quasinormal modes in the frequency and time domains were studied in [44] , but only for the range of parameters representing BHs. Thus the effect of echoes which should take place for wormholes in the parameter range near the threshold with BHs was missed in [44] .
Having all the above motivations in mind, we would like to consider the quasinormal modes and ringing profiles for a few examples of the BH/wormhole solutions of the Shiromizu-Maeda-Sasaki equations in order to understand the possible general imprints of this extradimensional scenario on the ringing profile of BHs and wormholes, and especially at the transition between them. We will show that once the continuous parameter interpolating between the BH and wormhole solutions describes a wormhole near the "transition," the quasinormal ringing is represented by damping oscillations appropriate for the near-threshold BH solution, but modified by echoes at later times. When the continuous parameter is further increased, then the echoes go over into the characteristic quasinormal ringing of the wormhole, while the period of the initial "threshold BH phase" damped oscillations diminishes and looks more like an initial outburst. The term "transition" must certainly be understood here with a considerable reservation: strictly speaking, we can only talk about values of this parameter making the geometry of a wormhole better or worse BH mimicker. Nevertheless, if one supposes that this parameter adiabatically changes with time as a result of some brane-world dynamic process, then the time-domain profiles of perturbations which relax at a much higher rate than the adiabatic change of the metric are qualitatively the same, as was shown, for example, in [61] .
The paper is organized as follows. In Sec. II we briefly summarize the basic information about the brane-world model under consideration. Sec. III discusses the wave equations for test scalar and electromagnetic fields and the WKB and time-domain integration methods to be used for the analysis of ringing. Sec. IV is devoted to the quasinormal ringing of a few examples of BH and wormhole solutions with special emphasis to the parametric range near the transition between them. Finally, in the Conclusions we summarize the obtained results.
II. THE BRANE-WORLD MODEL
We will consider the second Randall-Sundrum braneworld model (RS2) [39] implying that our fourdimensional world is a hypersurface supporting all matter fields and embedded in a Z 2 -symmetric five-dimensional spacetime (asymptotically AdS bulk), while the gravitational field propagates in the whole bulk. The gravitational field on the brane itself is described by the modified Einstein equations derived by Shiromizu, Maeda and Sasaki [38] 
is the 4D Einstein tensor, Λ 4 is the 4D cosmological constant expressed in terms of the 5D cosmological constant Λ 5 and the brane tension :
is the Newtonian constant of gravity); is the stress-energy tensor of matter located on the brane; Π is a tensor quadratic in , obtained from the matching conditions for the 5D metric across the brane:
where = ; lastly, is the so-called "electric" part of the 5D Weyl tensor projected onto the brane: in proper 5D coordinates, we have = (5) , where the capital letters , , . . . are 5D indices, and is the unit normal vector to the brane. By construction, is traceless, that is, = 0 [38] . The general class and a number of particular examples describing wormholes and BHs in the above brane-world scenario were obtained in [40, 41] .
A feature of utmost interest in these models is the generic appearance of families of solutions that unify symmetric wormholes and globally regular BHs with a minimum of the variable (bounce) in their T-regions and a Kerr-like global structure. These two qualitatively different parts of any such family are separated by an extremal BH solution.
In what follows we will consider different examples of such solutions: one family representing the generic situation, another one with only an extremal BH, and the third one with a zero Schwarzschild mass. In each of these examples the metric is a vacuum solutions to Eqs. (1), with = 0 and Λ 4 = 0; the effective energy-momentum tensor in the r.h.s. of (1) is thus the "tidal" tensor of bulk origin. All metrics under consideration are asymptotically flat and have a zero Ricci scalar.
III. THE METHODS

Quasinormal modes of BHs are proper oscillations of
BHs under specific boundary conditions, corresponding to purely outgoing waves at infinity and purely incoming waves at the event horizon (minus infinity in terms of the tortoise coordinate). The boundary conditions for a traversable wormhole which connects two infinities are the same in terms of the tortoise coordinate [45] , so that many of the tools used for finding BH quasinormal modescan, with small modifications, be used for wormholes as well [37, 46, 47, 59, 60, 62, 63] . In particular, to finding the frequencies of quasinormal modes, we will use the WKB method when the effective potential has a single maximum and time domain integration for all types of the effective potentials.
A. Wave equations
The metric of a spherically symmetric static space-time can be written in the general form 1
The generally covariant equation for a massless scalar field has the form
and for an electromagnetic field
where = − and is the vector potential. After separation of variables, Eqs. (5) and (6) take the following general Schrödinger-like form:
where = 0 corresponds to the scalar field and = 1 to the electromagnetic field, the "tortoise coordinate" * is defined by the relation
and the effective potentials are (see, e.g., Eq. (12a) in [54] )
B. The WKB approach
For the analysis in the frequency domain we shall use the semi-analytical WKB method [48] [49] [50] [51] [52] . The essence of this approach is the expansion of the solution at both infinities in WKB series and matching these asymptotic expansions with the Taylor expansion near the peak of the effective potential. In addition, according to [50] , we use a further representation of the WKB expansion in the form of the Padé approximants which, in most cases, greatly improves the accuracy of the WKB method. The WKB formula can be written in the following form [51] :
where = + 1/2, = 0, 1, 2, 3 . . ..
The corrections
( 2 ) of order to the eikonal formula are polynomials in 2 with rational coefficients and depend on the values 2 , 3 . . . of higher-order derivatives of the potential ( ) at its maximum. To increase accuracy of the WKB formula, we use the procedure suggested by Matyjasek and Opala [50] , which consists in using the Padé approximants. For the order of the WKB formula (11) we define a polynomial ( ) in the following way
and the squared frequency is obtained for = 1:
For the polynomial ( ) we will use Padé approxi-mants˜/˜(
with˜+˜= , such that, near = 0,
Usually, for finding the fundamental mode ( = 0) frequency, Padé approximants with˜≈˜provide the best approximation. In [50] , 6/6 (1) and 6/7 (1) were compared to the 6th-order WKB formula 6/0 (1). In [51] it has been observed that usually even 3/3 (1), i. e. a Padé approximation of the 6th-order gives a more accurate value for the squared frequency than 6/0 (1). Here we will use the 7th WKB expansions with˜= 3 Padé approximation and show that the results obtained at different WKB orders are in a very good agreement.
C. Time-domain integration
We will integrate the wavelike equations rewritten in terms of the light-cone variables = − * and = + * . The appropriate discretization scheme was suggested in [53] :
where we use the following designations for the points: = ( + Δ, + Δ), = ( + Δ, ), = ( , + Δ) and = ( , ). The initial data are specified on the null surfaces = 0 and = 0 . To extract the values of the quasinormal frequencies, we will use the Prony method which allows us to fit the signal by a sum of exponentials with some excitation factors. has the form
The Schwarzschild metric is reproduced in the special case 0 = 3 /2. The metric (15) has been obtained by Casadio, Fabbri and Mazzacurati [42] in search for new brane-world BH solutions and by Germani and Maartens [43] as a possible metric outside a homogeneous star on the brane. In the case 0 > 2 , the metric (15) describes a symmetric traversable wormhole [40] .
In the intermediate case 0 = 2 we obtain a BH with a double horizon at = 2 .
In the case 0 < 2 , there is a BH with a sin-gle horizon at = 2 . As described in Ref. [42] , the global space-time structure depends on the sign of = 0 − 3 /2. If < 0, this structure coincides with that of a Schwarzschild BH, but the spacelike curvature singularity is located at = 3 /2 instead of = 0. If > 0, the solution describes a nonsingular BH with a minimum value of the variable equal to 0 > 3 /2 inside the horizon, that is, a bounce in the two angular directions of a Kantowski-Sachs anisotropic cosmology.
In Fig. 1 one can see the usual picture of evolution of perturbations in the vicinity of a BH, now for the threshold case 0 = 2 . It consists of the initial outburst which changes into damped quasinormal oscillations and powerlow asymptotic tails in the end. Figure 2 shows perturbations of a wormhole corresponding to 0 = 2.02 , that is, very close to the threshold with the BH state, and there emerges a distinctive picture of echoes after the initial os- initial outburst, 0.06552 − 0.01498 cillatory fall-off corresponding to the residual fundamental mode of the boundary 0 = 2 BH. Finally, when the parameter 0 is further increased, the echoes go over into the established characteristic quasinormal ringing of a wormhole (Fig. 3) . Table I exhibits the dominant quasinormal frequencies of the CFM metric in both regimes. In the BH case 0 ≤ 2 , the quasinormal modes can be computed with both time-domain integration and WKB methods. Near the threshold, when 0 2 , the WKB formula, implying two turning points, cannot be used since the effective potential has two barriers and four turning points.
We can see that for BHs the results produced by the WKB method and time-domain integration are in a very good concordance, with disagreement always less than one percent. Taking into account that the extraction of frequencies from the profiles obtained with the help of time-domain integration greatly depends on the temporal range which is determined as the "quasinormal ring-ing," a relative error within one percent can be easily ascribed not even to the WKB formula but rather to the arbitrariness of the period of quasinormal ringing. Here we used the 7th order WKB formula with the further Padé approximants such that˜= 3, which gives the best agreement with the results of time-domain integration for the Schwarzschild case 0 = 3/(2 ) and also coincides (within a 5-digits accuracy) with the accurate numerical value 0.49652−0.18498 . For the case of a wormhole very close to the threshold, we have only a single mode which is the residual or, in a sense, "memory" of the boundary BH solution. The echoes which follow this residual mode cannot be represented by a single dominant quasinormal mode. Nevertheless, when the parameter 0 is further increased, the enveloping oscillations of echoes (visible in Fig. 2) align, and the characteristic mode of the wormhole establishes, being reflected in the second frequency given in Table 1 . We can also see that at 0 ≫ 2 the real and imaginary parts of the frequency are inversely proportional to 0 .
The above description concerned the behavior of electromagnetic perturbations against the background od brane-world BHs and wormholes. It can be verified that massless scalar field perturbations show similar qualitative features, as can be seen in Fig. 4 that depicts the behavior of radial scalar perturbations (ℓ = 0) of a CFM wormhole.
B. The Bronnikov-Kim-1 (BK-1) metric
This case represents an atypical example of a BHwormhole family of solutions. The metric can be written as
The only BH solution corresponds to the case 0 = 1 = 2 , which coincides with the extremal Reissner-Nordstrom metric.
Other values of 0 lead either to wormholes (the throat is located at = 0 if 0 > 2 or at = 1 > 2 in case 2 > 0 > ), or to a naked singularity located at = 2 (if 0 < ) (see more details in Ref. [40] ). Figure 5 shows the picture of evolution of perturbation in the vicinity of the threshold, which is qualitatively the same as for the previous metric, with a distinction related to the length of the initial (residual) quasinormal ringing which is much longer now, and also the frequencies change slower with changing 0 . This picture simply reflects the fact that larger 0 are necessary to deviate from the threshold BH geometry 0 = 2 at the same extent.
C. The Bronnikov-Kim-2 (BK-2) metric
This example differs from the previous ones by having a zero value of the Schwarzschild mass of the brane-world BHs and wormholes. The metric is
The sphere = ℎ is a simple horizon if > 0 and a double horizon if = 0. In the case < 0, ( ) has a 
which is a symmetric wormhole throat [40] . The evolution of perturbations in this example is qualitatively similar to the two previous cases: the echoes appears immediately after the threshold, providing wormholes mimicking the BH behavior. If we consider the quality factor of the mode, which is proportional to the ratio of the real oscillations frequency to the damping rate,
we can see that oscillations of BHs have a maximum quality factor in the extremal state at the threshold. This is true not only for the last example but for all models under consideration. Moreover, if one considers wormholes with the parameter (or 0 in the previous examples) near the threshold, one can see that the quality factor continues growing and starts to decrease only when echoes are damped. This is also a common feature of all three examples.
V. CONCLUSIONS
We have used the higher-order WKB method with Padé approximants [48] [49] [50] [51] [52] and time-domain integration [53] in order to analyze the quasinormal ringing of BH and wormhole solutions in the RS2 brane-world model. The metrics under consideration depend on a continuous parameter interpolating between BHs and wormholes, so that if the parameter is larger than some threshold value, then the BH "goes over" into a wormhole. We have shown that this "transition" from BHs to wormholes near the threshold is characterized by echoes: the first stage of damped oscillations, representing the memory of the threshold BH state is accompanied by a series of echoes at later times. When the same parameter is further increased, the echoes damp and pass on into the characteristic ringing of the wormhole.
This picture is observed for all examples considered here and, apparently, does not depend on the particular model. We believe that this kind of behavior should not depend on the spin of the field as well and should be valid not only for the scalar and electromagnetic fields considered here, but also for the gravitational field because the echoes are induced by appearing of the second symmetric peak in the far left region (in terms of the tortoise coordinate), producing the second scattering and partial reflection of the signal at late times.
Although the characteristic dominant quasinormal frequency of the BHs and wormholes under consideration can behave differently in different examples, there is one feature observed in all the considered models. The ratio of the real oscillation frequency to the damping rate, which is proportional to the quality factor of oscillations, always decreases as the BH solution moves away from the threshold. On the other hand, the quality factor continues increasing on the other side of the threshold for wormholes which still mimic the BH behavior, that is, for the residual mode. In other words, wormholes near the threshold are the best oscillators among all the considered examples. Therefore, it is not excluded that this monotonic behavior of the quasinormal frequency might be a more general property of the brane-world models.
